A method that combines the time-dependent self-consistent-field ͑TDSCF͒ method with the reaction path Hamiltonian ͑RPH͒ derived by Miller, Handy, and Adams ͓J. Chem. Phys. 72, 99 ͑1980͔͒ is proposed. This TDSCF-RPH method allows the calculation of the real-time quantum dynamics of chemical reactions involving polyatomic molecules. When both the coupling between the normal modes and the curvature are zero, the dynamics of an F-dimensional system is shown to reduce to a one-dimensional numerical time propagation. When the reaction path curvature is zero and the coupling between the normal modes is non-zero, the dynamics is shown to still reduce to a one-dimensional problem for a specific choice of initial wavepacket ͑which can have an arbitrary component for the reaction coordinate͒, but F coupled one-dimensional equations of motion must be propagated for a general initial wavepacket ͑unless the RPH is transformed to the diabatic representation͒. When the coupling between the normal modes is zero and the reaction path curvature is non-zero but small, the dynamics is shown to reduce to a one-dimensional numerical time propagation for an arbitrary initial wavepacket. The derivations of the equations of motion for these cases are presented in this paper, and numerical tests are presented in a separate paper.
I. INTRODUCTION
A chemical reaction can be represented within the BornOppenheimer approximation as a dynamical process of nuclei moving on a multidimensional adiabatic potential energy surface. Modern ab initio electronic structure methodology allows the accurate calculation of specified points on this potential energy surface. Unfortunately, the ab initio construction of the entire multidimensional potential energy surface is not possible for more than a small number of atoms. At low energies, however, typically reactions do not access all regions of the potential energy surface but rather access only the local region around the reaction path or minimum energy path ͑MEP͒. The MEP was defined by Fukui 1 as the path of steepest descent in mass-weighted Cartesian coordinates starting from a saddle point on the potential surface down to various minima that typically correspond to products and reactants, and the intrinsic reaction coordinate ͑IRC͒ was defined as the arc length along this MEP. The vital role of the MEP was first recognized by Marcus 2-5 and Hofacker, 6, 7 who introduced ''natural collision coordinates'' to study collinear AϩBC collision systems. A number of other workers also contributed to the early development of the reaction path description of chemical reactions. [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] Miller, Handy, and Adams extended this scheme to polyatomic molecules and derived a reaction path Hamiltonian ͑RPH͒ that characterizes the reaction dynamics of a polyatomic system in terms of motion along the IRC and vibrational motion orthogonal to the reaction path. 18 Thus, the reaction is assumed to occur within a multidimensional harmonic valley about the MEP. The great advantage of this reaction path Hamiltonian is that it requires only a relatively small number of ab initio calculations of the potential energy surface.
This reaction path Hamiltonian has been discussed extensively in the literature and has been used successfully to describe a variety of chemical processes. [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] For example, the semiclassical perturbation approximation and the infinite order sudden approximation were combined and applied to the reaction path Hamiltonian and subsequently used to describe a range of dynamical phenomena in polyatomic molecules. 21, 22 Moreover, Truhlar and coworkers have developed a successful variational transition state theory based on the reaction path scheme. [32] [33] [34] [35] The reaction path Hamiltonian has also been used in conjunction with classical trajectory calculations. [36] [37] [38] More recently Nakajima and Kato have calculated non-radiative transition rates using a timedependent method based on Fermi's Golden Rule in conjunction with wavepacket propagation utilizing the reaction path Hamiltonian. 39, 40 Although highly successful in many areas, this reaction path Hamiltonian is not useful in all situations. For example, it does not provide an appropriate description of the reaction dynamics for situations in which the reaction path is sharply curved because in this case the dynamical motion deviates far from the MEP. A number of authors have extensively studied the effects of large reaction path curvature and have suggested alternative descriptions. [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] Another limitation of this reaction path Hamiltonian is that it is not applicable to processes involving bifurcations of the reaction path. gation of reaction dynamics in a variety of polyatomic systems.
In this paper we develop the theory and numerical methodology for real-time quantum dynamical wavepacket calculations of polyatomic systems based on the reaction path Hamiltonian. We consider three special cases of this RPH: ͑1͒ zero coupling matrix ͑i.e., zero curvature and zero coupling between the normal modes͒; ͑2͒ zero curvature and non-zero coupling between the normal modes; and ͑3͒ zero coupling between the normal modes and non-zero but small curvature. For these cases the time-dependent selfconsistent-field ͑TDSCF͒ 46-50 method provides a reasonable description of the RPH dynamics. Previously Miller 51 implemented the TDSCF method for a simpler model reaction path Hamiltonian representing a system linearly coupled to a harmonic bath and found that the TDSCF dynamics reduced to a one-dimensional equation of motion that is analogous to the classical generalized Langevin equation. ͑Note that Miller has also derived a related classical generalized Langevin equation of motion for the MEP reaction path Hamiltonian with a small coupling approximation. 19 ͒ In this paper we extend the TDSCF methodology to the more complex MEP reaction path Hamiltonian and present a new approach for solving the normal mode equations of motion that allows efficient numerical quantum dynamical calculations. The theoretical basis for this TDSCF-RPH methodology is presented in this paper, and a separate paper 52 presents systematic numerical tests of the equations of motion derived in this paper.
The remainder of the paper is organized as follows. Section II describes the reaction path Hamiltonian derived by Miller, Handy, and Adams 18 and the TDSCF method. [46] [47] [48] [49] [50] Sections III, IV, and V present the derivations of the equations of motion arising from the combination of the TDSCF method with the reaction path Hamiltonian. Section III addresses the case in which both the coupling between the normal modes and the reaction path curvature are zero. In this case the TDSCF-RPH dynamics of an F-dimensional system can always be reduced to a one-dimensional numerical time propagation. Section IV addresses the case in which the reaction path curvature is zero and the coupling between the normal modes is non-zero. In this case the reduction to a one-dimensional problem is still feasible for a specific choice of initial wavepacket. This initial wavepacket can have an arbitrary component for the reaction coordinate, but the components for the normal modes are determined by the reaction coordinate component. For general initial wavepackets, however, F one-dimensional equations of motion must be solved when the coupling between the normal modes is non-zero ͑unless the RPH is transformed to the diabatic representation͒. Section V addresses the case in which the coupling between the normal modes is zero and the reaction path curvature is non-zero but small ͑i.e., only terms linear in the coupling between the normal modes and the reaction coordinate are retained͒. In this case the TDSCF-RPH dynamics of an F-dimensional system can always be reduced to a onedimensional numerical time propagation. In all of these cases, only one-dimensional integrals must be calculated. Section VI summarizes the results and discusses future directions.
II. REACTION PATH HAMILTONIAN AND TDSCF METHOD
For a general N-atom system, the potential energy surface depends on Fϭ3NϪ6 coordinates. As described in the Introduction, the minimum energy path ͑MEP͒ is defined as the path of steepest descent in mass-weighted Cartesian coordinates starting from a transition state on the potential surface down to products and back to reactants. In this paper s denotes the IRC, which is the arc length along this MEP, and v(s) denotes the normalized gradient vector that points along this MEP. The potential energy V 0 (s) and the Hessian matrix K(s) along the MEP can be obtained from standard quantum chemistry calculations. Moreover, the frequencies ͕ k 2 (s)͖ and eigenvectors ͕L k (s)͖ ͑where kϭ1, . . . ,3N
Ϫ7) corresponding to the vibrational normal modes orthogonal to the MEP can be obtained by diagonalizing the projected Hessian matrix,
where Ĩ denotes the identity matrix and P denotes a projection matrix that projects out infinitesimal translations, rotations, and the gradient vector v. For simplicity, in this paper we consider an F-dimensional system without the complications of three-dimensional space and angular momentum. The Fth degree of freedom is defined to be the reaction coordinate s, and there are FϪ1 orthogonal vibrational normal modes. For zero total angular momentum the reaction path Hamiltonian derived by Miller, Handy, and Adams 18 is
͑2͒
where
͑3͒
Here p s is the conjugate momentum of the reaction coordinate s, ͕Q k , P k ͖ are the FϪ1 coordinates and momenta for the vibrational degrees of freedom orthogonal to the reaction path, and the coupling matrix B is defined to have elements
and L k Ј(s)ϭdL k (s)/ds. The orthonormality of the eigenvectors leads to .
͑7͒
This paper concerns the combination of the reaction path Hamiltonian in Eq. ͑2͒ with the TDSCF method to study the real-time quantum dynamics of a polyatomic system. In Appendix A we show that for zero curvature the transformation of the classical reaction path Hamiltonian to the corresponding quantum mechanical Hamiltonian operator involves the standard replacements,
For non-zero curvature this straightforward transformation is not valid. Moreover, since T s ͓given in Eq. ͑3͔͒ involves both p s and terms dependent on s, for non-zero curvature there is an additional complication involving the ordering of noncommuting quantum mechanical operators in the quantum mechanical Hamiltonian. 53 These issues are discussed in Section V.
For a system with F degrees of freedom the TDSCF method approximates the total wavepacket as a simple product of the single mode functions,
with the normalization conditions
͑10͒
In this paper we discuss three special cases of the reaction path Hamiltonian: zero coupling matrix, zero curvature and non-zero coupling between the normal modes, and zero coupling between the normal modes and small but non-zero curvature.
III. ZERO COUPLING MATRIX
This section considers the simplest case in which all elements of the coupling matrix B are zero, so Eq. ͑3͒ reduces to
Physically, this corresponds to zero reaction path curvature and zero coupling between the normal modes. In this section we show that for this special case the equations of motion for the normal mode functions ͕ k (Q k ,t),kϭ1,2, . . . ,FϪ1)͖ have simple analytical solutions that are eigenfunctions of harmonic oscillators, so only the equation of motion for the reaction coordinate must be solved numerically. This reduces the F-dimensional time propagation to a one-dimensional time propagation. Substituting ‫ץ‬⌿ ‫ץ‬t
͓which is obtained from Eq. ͑9͔͒ into the time-dependent Schrödinger equation, multiplying both sides by 
͑13͒
͑14͒
To simplify the notation, we have dropped the arguments of the single mode functions in Eq. ͑13͒. Rearranging Eq. ͑13͒ leads to
͑15͒
is a real number. Note that the last term of Eq. ͑15͒ contributes only a phase factor independent of all coordinates and thus can be neglected in the time propagation of Eq. ͑15͒, leading to the following equations of motion for the normal modes:
If j 2 were constant in time then the general solution of Eq. ͑17͒ would be
͑18͒
where a n are time-independent expansion coefficients and G n and E n are the eigenfunctions and eigenvalues, respectively, of a harmonic oscillator with mass mϭ1 and with frequency
͑19͒
Since j 2 changes with time ͓as shown in Eq. ͑14͔͒, G n and E n are also time-dependent and Eq. ͑18͒ is not a global analytical solution for Eq. ͑17͒. In order to solve Eq. ͑17͒ within the TDSCF framework, we choose a numerical time step ␦t such that j 2 is approximately constant over ␦t and utilize Eq. ͑18͒ to propagate j from time t to tϩ␦t.
To 
͑20͒
Rearranging this expression leads to
is a real number. Note that the last term of Eq. ͑21͒ contributes only a phase factor independent of all coordinates and thus can be neglected in the time propagation of Eq. ͑21͒, leading to the following equation of motion for the reaction coordinate s:
͑23͒
The solution for the normal mode wavefunctions j described above can be utilized to calculate ͗ i ͉Q i 2 ͉ i ͘ in this expression. First we consider the special situation in which the initial wavepacket is comprised of normal mode wavefunctions that are pure eigenstates of their respective harmonic oscillator Hamiltonians. Then we consider the more general case in which the initial wavepacket is comprised of normal mode wavefunctions that are linear combinations of these pure eigenstates.
A. Special initial wavepacket
Consider the special case in which the initial normal mode wavefunctions j (Q j ,tϭ0) are pure eigenstates G n j with eigenvalues E n j for a harmonic oscillator Hamiltonian with unit mass and frequency o j . Here n j indicates the quantum number of the jth mode. In this case the timedependent solution of Eq. ͑17͒ for the normal modes is
and according to Eq. ͑B7͒,
Thus, the final equation of motion for the reaction coordinate s is
corresponds to the vibrationally adiabatic situation since the quantum numbers n i are constant. This result appears different from the conventional vibrationally adiabatic limit, where the effective potential is
). As pointed out by Miller, 54 however, the two results can be reconciled as follows. If the kinetic energy of the normal modes in Eq. ͑22͒ were retained in the equation of motion for the reaction coordinate and Eq.
͑B8͒ were used to calculate
If the wavefunction s (s,t) were assumed to be localized, then we could substitute i (s) for oi in this expression, which would lead to the effective potential in the conventional vibrationally adiabatic limit. Thus, this result is consistent with the conventional vibrationally adiabatic limit.
B. General initial wavepacket
Now consider the case of an arbitrary initial wavepacket in which the initial normal mode wavefunctions are of the form j (Q j ,tϭ0)ϭ͚ nϭ0 ϱ a n G n , where G n are eigenfunctions of a harmonic oscillator with unit mass and frequency o j . In this case the time-dependent solution of Eq. ͑17͒ for the normal modes is the general solution given in Eq. ͑18͒, and Eq. ͑B12͒ gives
The first term of Eq. ͑27͒ is the contribution from the individual components of the wavepacket, and the second term accounts for the interference between the different components. Substituting this expression into Eq. ͑23͒ leads to the following equation of motion for the reaction coordinate s:
where Q i 2 is given by Eq. ͑27͒. Note that the interference between the different components of the wavepacket contributes to the dynamics of the reaction coordinate s, so it is not possible to run the dynamics for each different component separately and then add them together to obtain the overall dynamics.
To summarize, when the coupling matrix Bϭ0 the TDSCF dynamics of an F-dimensional system can be reduced to a one-dimensional problem with the equation of motion for the reaction coordinate given by Eq. ͑26͒ for spe-cial initial wavepackets or by Eq. ͑28͒ for arbitrary initial wavepackets. The numerical procedure for the propagation of the reaction coordinate wavefunction s is straightforward: starting with a specified initial s (s,tϭ0), at each time step the effective frequencies oi for the normal modes Q i are calculated from Eq. ͑19͒, and s is propagated for this time step using Eq. ͑26͒ or Eq. ͑28͒. The total wavefunction at each time step can be calculated from Eq. ͑9͒, in which the normal mode wavefunctions i are of the form given in either Eq. ͑24͒ or Eq. ͑18͒, where G n i are harmonic oscillator eigenfunctions with unit mass and frequency oi .
IV. ZERO REACTION PATH CURVATURE
This section addresses the case of non-zero coupling between the normal modes and zero reaction path curvature ͓i.e., B k,l (s) 0 and B k,F (s)ϭ0 for k,lϭ1, . . . ,FϪ1]. In this case Eq. ͑3͒ reduces to
and T s depends on the normal mode coordinates Q k and their conjugate momenta P k as well as on the reaction coordinate momentum p s . As a result, the equations of motion for the normal modes and the reaction coordinate are more complicated than in the previous section. In order to derive the equations of motion for the normal modes, the same procedure is followed as in Section III. This procedure involves substituting Eq. ͑12͒ into the timedependent Schrödinger equation, multiplying both sides by ͗ s ͟ k j FϪ1 k ͉, and integrating over s and the normal modes ͕Q k (k j)͖. In the case of zero coupling this procedure results in Eq. ͑17͒, and for constant j 2 the normal mode wavefunctions j are propagated analytically using Eq. ͑18͒. In the case of non-zero coupling between the normal modes the term
where the brackets indicate integration over s and all normal modes except for Q j , and T s is given in Eq. ͑30͒. In general, this introduces terms in the equation of motion for j (Q j ,t) that depend on the other normal mode wavefunctions. In this section we show that if the initial wavepacket is of the form in which the initial normal mode wavefunctions are pure eigenfunctions G n of appropriate harmonic oscillators then the normal modes continue to be of this form and can be propagated in time analytically as in the previous section. This reduces the F-dimensional problem to a one-dimensional problem. Then we show that if the initial wavepacket is of the general form in which the normal modes are linear combinations of these eigenfunctions ͑i.e., j ϭ ͚ n a n G n ) the situation is more complicated and does not reduce to a one-dimensional problem.
A. Special initial wavepacket
First we investigate the situation in which the initial wavepacket is of the form in which the normal mode wavefunctions are given by j ϭG n j , where G n j is an eigenfunction of a harmonic oscillator with effective mass m j Ј and effective frequency j Ј. In the case of zero coupling, the effective mass was unity and the effective frequency was o j , but for non-zero coupling between the normal modes we show that these effective masses and frequencies are slightly more complicated. As mentioned above, the term
where the brackets indicate integration over s and all normal modes except for Q j . The first term of this quantity is
and is treated as before ͑i.e., is included in the phase factor ⑀ s ). The second term of this quantity is
The first term in Eq. ͑32͒ vanishes due to Eq. ͑6͒, and the remaining terms vanish due to Eq. ͑B4͒. Similarly, according to Eqs. ͑6͒ and ͑B4͒ the third term of Eq. ͑31͒ will have non-zero contributions only when kЈϭk and lЈϭl or kЈϭl and lЈϭk, which leads to
where for the second equality we have used the relation B k, j 2 ϭB j,k 2 , for the third equality we have used the identities in Eqs. ͑B5͒-͑B8͒, and for the final equality we have used the identity
Combining all of these results leads to
͑39͒
Replacing
gives the equations of motion for the normal mode functions,
͑43͒
Neglecting the phase factor due to the term ⑀ leads to the final equations of motion,
͑44͒
In 
͑45͒
Replacing 1 2 p s 2 s in Eq. ͑21͒ by this expression, using the identity from Eq. ͑B7͒ that
and dropping the same phase factor, we have the final equation of motion for the reaction coordinate:
͑47͒
where m i Ј and i Ј are the effective mass and frequency ͓cal-culated using Eqs. ͑41͒ and ͑42͔͒ corresponding to the ith normal mode at the beginning of this time step.
B. General initial wavepacket
Now consider the case of non-zero coupling between the normal modes for a general initial wavepacket. For zero coupling we have shown that the normal mode wavefunctions can be propagated analytically for an arbitrary wavepacket in which each of the normal mode wavefunctions is of the general form j (Q j ,tϭ0)ϭ͚ nϭ0 ϱ a n G n , where the G n are a complete set of eigenfunctions of an appropriate harmonic oscillator Hamiltonian. This reduces the F-dimensional numerical time propagation to a one-dimensional numerical time propagation. Unfortunately, this reduction is not possible for non-zero coupling combined with an arbitrary initial wavepacket. ͑Note that as shown in Ref. 55 , this reduction is possible when the RPH is transformed to the ''diabatic'' representation.͒ As for the special initial wavepacket, the equations of motion for the normal modes are obtained by replacing the term ͗ s ͉ 1 2 p s 2 ͉ s ͘ j in Eq. ͑13͒ by the expression in Eq. ͑31͒. Again the first term of this quantity is simply
The second term of this quantity is given in Eq. ͑32͒, and while again the first term vanishes due to Eq. ͑6͒, the remaining three terms no longer vanish for an arbitrary wavepacket. Thus, Eq. ͑32͒ can be written in the more general form:
͑48͒
where Q k ϭ͗ k ͉Q k ͉ k ͘ and P k ϭ͗ k ͉P k ͉ k ͘. As can be seen from Eqs. ͑B10͒ and ͑B11͒, even if the normal mode wavefunctions are of the form k (Q k ,tϭ0)ϭ͚ nϭ0 ϱ a n G n , where the G n are eigenfunctions of a harmonic oscillator Hamiltonian, in general Q k and P k are non-zero. Moreover, the third term of Eq. ͑31͒ can be written in the general form:
where the notation is such that
any of the indices are the same the normal mode wavefunction appears only once ͑e.g.,
Note that all of these terms involve only onedimensional integrals. Combining all of these results gives
Here the square brackets ͓␣,␤͔ ϩ indicate the anticommutator of the operators ␣ and ␤ ͑e.g.,
with this expression in Eq. ͑13͒ and dropping the phase factor ⑀ j gives the equations of motion for the normal mode functions,
When the initial wavepacket is of the form in which the normal mode wavefunctions are pure eigenfunctions of appropriate harmonic oscillator Hamiltonians, this expression reduces to Eq. ͑44͒ and the normal mode wavefunctions can be propagated analytically in time. As shown in Appendix B, however, for a general initial wavepacket consisting of normal mode wavefunctions of the form k (Q k ,tϭ0) ϭ͚ nϭ0 ϱ a n G n , where the G n are eigenfunctions of a harmonic oscillator Hamiltonian, the cross terms in Eq. ͑58͒ cannot be eliminated so the normal modes must be propagated numerically.
The equation of motion for the reaction coordinate s can be derived in a similar manner. Specifically, the term in Eq. ͑21͒ is replaced by ͗͟ iϭ1
T s is given by the three terms in Eq. ͑30͒. Implementing the same general notation as was used for the normal mode equations of motion leads to
͑59͒
Replacing 1 2 p s 2 s in Eq. ͑21͒ by this expression and dropping the same phase factor leads to the final equation of motion for the reaction coordinate:
͑62͒
Thus, we have shown that based on the assumption of zero reaction path curvature, the TDSCF dynamics of an F-dimensional system can be reduced to a one-dimensional problem provided the special initial wavepacket is used ͑i.e., the initial normal mode wavefunctions are pure eigenstates of appropriate harmonic oscillator Hamiltonians͒. In this case the equation of motion for the reaction coordinate is Eq. ͑47͒. In this case the numerical procedure for the propagation of the reaction coordinate wavefunction s is analogous to that described in Section III: starting with a specified initial s (s,tϭ0), at each time step the effective masses m k Ј and the effective frequencies k Ј for the normal modes Q k are calculated using Eqs. ͑41͒ and ͑42͒, and s is propagated for this time step using Eq. ͑47͒. The total wavefunction at each time step can be calculated from Eq. ͑9͒, in which the normal mode wavefunctions k are of the form given in Eq. ͑24͒, where G n k are harmonic oscillator eigenfunctions with mass m k Ј and frequency k Ј. Typically the initial wavepacket at time tϭ0 is chosen such that ͗ s ͉B k, j (s) 2 ͉ s ͘ϭ0, so the initial masses and frequencies of the normal mode wavefunctions are simply m k Јϭ1 and k Јϭ ok . In contrast to this procedure for a special initial wavepacket, for arbitrary initial wavepackets F one-dimensional equations of motion must be propagated numerically, and the equations of motion for the normal modes and the reaction coordinate are given in Eqs. ͑58͒ and ͑62͒, respectively.
V. SMALL REACTION PATH CURVATURE AND ZERO COUPLING BETWEEN NORMAL MODES
In this section we show that the reduction to a onedimensional problem occurs for an arbitrary initial wavepacket if the coupling between the normal modes is zero and the reaction path curvature is small ͓i.e., B k,l (s)ϭ0 and B k,F (s) is small for k,lϭ1,... ,FϪ1]. In this case we use a Taylor series to expand the denominator of Eq. ͑3͒:
and neglecting terms of higher order than linear in the coupling B k,F (s) leads to
Higher order terms could be retained for a more accurate description. As discussed in Section II and in Appendix A, the straightforward transformation from a classical to a quantum mechanical Hamiltonian using the replacements in Eq. ͑8͒ is not valid for non-zero curvature. However, for the case of small curvature we will use this standard transformation to approximate the quantum mechanical Hamiltonian. In addition, the conversion from a classical to a quantum mechanical Hamitonian is complicated by the term involving both p s 2 and B k,F (s) because in general the corresponding quantum mechanical operators do not commute. Thus, the correct ordering of these two terms in the quantum mechanical Hamil-tonian is ambiguous. In order to avoid this ambiguity, we assume that B k,F (s) is slowly varying so that the first and second derivatives of B k,F (s) are extremely small and can be neglected. In other words, we assume that p s 2 and B k,F (s) approximately commute, so the ordering is no longer an issue. Formally, we express the quantum mechanical operator corresponding to T s using the symmetrized version of the ordering to ensure a Hermitian Hamiltonian:
where the symbol ͓␣,␤͔ ϩ indicates the anticommutator of operators ␣ and ␤ ͑e.g., ͓ p s
. In order to derive the equations of motion for the normal modes, the same procedure is followed as in Sections III and IV. This procedure involves substituting Eq. ͑12͒ into the time-dependent Schrödinger equation, multiplying both sides by ͗ s ͟ k j FϪ1 k ͉, and integrating over s and the normal modes ͕Q k (k j)͖. For the case of zero coupling between the normal modes and small reaction path curvature, the term
͑13͒ and completing the square for the Q j term leads to
is a real number. Neglecting the phase factor leads to the following equations of motion for the normal modes:
If j 2 and ͓ p s 2 ,B j,F ͔ ϩ were constant in time then the general solution of Eq. ͑69͒ would be of the form given in Eq. ͑18͒, where in this case G n and E n are the eigenfunctions and eigenvalues, respectively, of a harmonic oscillator with unit mass, frequency o j ͓given in Eq. ͑19͔͒, and center
͑70͒
Since o j and Q o j change with time, G n and E n are also time-dependent and Eq. ͑18͒ is not a global analytical solution for Eq. ͑69͒. 
Substituting this expression for 1 2 p s 2 in Eq. ͑21͒ and completing the square for the Q i terms leads to
Neglecting the phase factor gives the following equation of motion for the reaction coordinate s:
͑73͒
The solution for the normal mode wavefunctions j described above can be utilized to calculate
2 ͉ i ͘ in this expression. First we consider the special situation in which the initial wavepacket is comprised of normal mode wavefunctions that are pure eigenstates of their respective harmonic oscillator Hamiltonians. Then we consider the more general case in which the initial wavepacket is comprised of normal mode wavefunctions that are linear combinations of these pure eigenstates.
A. Special initial wavepacket
Consider the special case in which the initial normal mode wavefunctions j (Q j ,tϭ0) are pure eigenstates G n j with eigenvalues E n j for a harmonic oscillator Hamiltonian with unit mass, frequency o j , and center Q o j . Here n j indicates the quantum number of the jth mode. In this case the time-dependent solution of Eq. ͑69͒ for the normal modes is given by Eq. ͑24͒ and
where we have used the identities in Eqs. ͑B7͒ and ͑B4͒ for the second equality. Substituting this expression into Eq. ͑73͒ gives the equation of motion for the reaction coordinate:
͑75͒

B. General initial wavepacket
Now consider the case of an arbitrary initial wavepacket in which the initial normal mode wavefunctions are of the form j (Q j ,tϭ0)ϭ͚ nϭ0 ϱ a n G n , where G n are eigenfunctions of a harmonic oscillator with unit mass, frequency o j , and center Q o j . In this case the time-dependent solution of Eq. ͑69͒ for the normal modes is the general solution given in Eq. ͑18͒, and
where we have used Eqs. ͑B10͒ and ͑B12͒ for the final equality. Note that the subscript i on the quantity
indicates that the integration is over the normal mode Q i ͑and not over the reaction coordinate s). Substituting this expression into Eq. ͑73͒ leads to the following equation of motion for the reaction coordinate s:
given by Eq. ͑78͒. To summarize, when the coupling between the normal modes is zero and the curvature is small but non-zero, the TDSCF dynamics of an F-dimensional system can be reduced to a one-dimensional problem with the equation of motion for the reaction coordinate given by Eq. ͑75͒ for special initial wavepackets or by Eq. ͑79͒ for arbitrary initial wavepackets. The numerical procedure for the propagation of the reaction coordinate wavefunction s is straightforward: starting with a specified initial s (s,tϭ0), at each time step the effective frequencies oi and centers Q oi for the normal modes Q i are calculated from Eqs. ͑19͒ and ͑70͒, respectively, and s is propagated for this time step using Eq. ͑75͒ or Eq. ͑79͒. The total wavefunction at each time step can be calculated from Eq. ͑9͒, in which the normal mode wavefunctions i are of the form given in either Eq. ͑24͒ or in Eq. ͑18͒, where G n i are harmonic oscillator eigenfunctions with unit mass, frequency oi , and center Q oi .
VI. DISCUSSION AND CONCLUDING REMARKS
In this paper we have derived the equations of motion for TDSCF-RPH dynamics for three cases. In the first case the coupling matrix is zero, and the F-dimensional numerical time propagation of the reaction coordinate and FϪ1 normal modes is reduced to a one-dimensional numerical time propagation of the reaction coordinate. In other words, the FϪ1 normal modes can be propagated analytically. In the second case the reaction path curvature is zero and the coupling between the normal modes is non-zero. In this case the reduction to a one-dimensional numerical time propagation of the reaction coordinate is possible for a special initial wavepacket in which the reaction coordinate component is arbitrary but the normal mode components are determined by the reaction coordinate component. For a completely arbitrary wavepacket, however, F coupled one-dimensional equations of motion must be numerically propagated in time if the coupling between the normal modes is non-zero. In the third case discussed in this paper the coupling between the normal modes is zero and the reaction path curvature is nonzero but small, so only terms linear in the coupling between the normal modes and the reaction coordinate are retained in the reaction path Hamiltonian. In this case, for an arbitrary initial wavepacket the F-dimensional numerical time propagation is reduced to a one-dimensional time propagation of the reaction coordinate. Systematic numerical tests of these three cases are presented in a separate paper. The remarkable success of this methodology for these simple model systems is encouraging.
The methodology presented in this paper can be extended in many different directions. For example, for the case in which the coupling between the normal modes is zero and the curvature is non-zero but small, the terms quadratic in B k,F (s) could be retained in the reaction path Hamiltonian for a more accurate description. This would lead to more complicated frequencies for the normal modes due to additional terms quadratic in the normal mode coordinates Q k . In addition, we could study the case of small curvature and non-zero coupling between the normal modes. This would combine the methodology described in Sections IV and V, and the normal mode wavefunctions would have fairly complicated effective masses, frequencies, and centers. Despite the algebraic complications, however, the fundamental basis of these extensions would be similar to that presented in this paper.
Recently we developed an alternative approach for TDSCF-RPH dynamics based on the ''diabatic'' representation of the reaction path Hamiltonian, which involves a transformation of variables that shifts the coupling between the vibrational modes from the kinetic energy to the potential energy. 19 Reference 55 presents the TDSCF-RPH equations of motion for this diabatic reaction path Hamiltonian for the case of zero curvature and non-zero coupling between the normal modes ͑i.e., the equivalent of the second case discussed in this paper͒. In contrast to the results in this paper, in the diabatic representation the dynamics reduces to a single equation of motion for this case even for an arbitrary initial wavepacket. Thus, the diabatic representation provides a simpler and more efficient approach for the case of zero curvature and non-zero coupling between the normal modes.
As mentioned in the Introduction, the reaction path Hamiltonian of Miller, Handy, and Adams 18 is not expected to provide an accurate description for processes involving large reaction path curvature because in this case the system will deviate far from the MEP. Thus, this paper addresses the situations for which this reaction path Hamiltonian is expected to be useful. On the other hand, many challenging problems in reaction path dynamics are associated with large reaction path curvature. [27] [28] [29] [30] [31] One particularly important class of processes that exhibit large reaction path curvature is hydrogen transfer reactions. In order to study such systems, we have combined the TDSCF method with a diabatic straightline reaction path Hamiltonian based on a least motion path that interpolates linearly between equilibrium reactant and product geometries of the molecular system. 24 This reaction path Hamiltonian includes terms linear in the normal coordinates and can be treated using similar methodology as that used to treat these linear terms in Section V. We have shown that the TDSCF dynamics reduces to a single equation of motion for this diabatic straight-line reaction path Hamiltonian. 55 An alternative approach for situations in which the MEP is sharply curved is to utilize a reaction path surface Hamiltonian, [27] [28] [29] [30] which could also be combined with the TDSCF method. Another important consideration is that the TDSCF approximation does not always provide an adequate description of the reaction dynamics. Makri and Miller 56 addressed this problem by implementing a multiconfigurational TDSCF ͑MC-TDSCF͒ treatment for a simple Hamiltonian involving a system linearly coupled to a harmonic bath. The MC-TDSCF method [56] [57] [58] [59] [60] [61] [62] [63] [64] could also be applied to more complex reaction path ͑or surface͒ Hamiltonians. These are all directions for future research. 
where C is a constant. From Eq. ͑2.15͒ of Ref. 18 , for zero curvature the conjugate momenta for these Cartesian coordinates is
.. ,F and all L i,k are independent of s. In this case, the Cartesian coordinates are linear combinations of the reaction path coordinates with constant coefficients, and the commutation rules for Cartesian coordinates hold for the reaction path coordinates. Thus, the conjugate momenta can be transformed into quantum mechanical operators using the standard replacements in Eq. ͑8͒. When the coupling between the normal modes is nonzero, the L i,k (s) depend on s so the Cartesian coordinates are not simple linear combinations of reaction path coordinates. In this appendix we prove that use of the standard replacements in Eq. ͑8͒ still results in the correct commutator for the Cartesian coordinates ͑i.e., ͓x i , p i ͔ϭiប). Using Eqs. ͑A1͒ and ͑A2͒, Thus, we have shown that when we use the standard replacements from Eq. ͑8͒ for the reaction path coordinates, we obtain the correct commutation rule for the Cartesian coordinates: ͓x i ,p i ͔ϭiប. Note that this is true only for zero curvature and will break down for non-zero curvature. In Section V, where we consider the case of small curvature, we are making an approximation by using the standard replacements in Eq. ͑8͒.
APPENDIX B: HARMONIC OSCILLATOR IDENTITIES
This appendix presents relevant identities involving harmonic oscillator eigenfunctions. The eigenfunctions of a harmonic oscillator with mass m and frequency are of the form 
͑B9͒
where G n are eigenfunctions of a harmonic oscillator Hamiltonian with mass m k and frequency k , the following identities are straightforward to prove:
Re͓a n a nϩ1 * exp͑i k t ͔͒ ͑B10͒
Im͓a n a nϩ1 * exp͑i k t ͔͒ ͑B11͒
ϫIm͓a n a nϩ2 * exp͑i2 k t ͔͒ ͑B15͒
